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Robot Calibration Using an Automatic Theodolite 
Morris R. Driels and Uday S. Pathre* 
Department of Mechanical Engineering, Naval Postgraduate School, Monterey, CA 93943, USA and *Deneb Robotics, 1120 E. Long 
Lake Road, Suite 200, Troy, MI 48098-4960, USA 
The Vision Based Automatic Theodolite (VBAT) is an 
automatic partial pose measurement system for robot calibration. 
It uses low resolution rotation stages and resolution enhancement 
from a vision system to determine the line-of-sight to a spherical 
illuminated target. Automatic tracking, focusing, and centring 
provide the calibration system with speed, reliability, and 
repeatability. A kinematic model of  the VBAT is described 
which includes both the mechanical parts of the system and 
the optics, using a modified Denavit-Hartenberg approach. 
All parameters in the VBA T model are identified and embedded 
into the system controller producing an instrument of  2 arc 
second accuracy. The system is then used in a conventional 
manner to calibrate a six degree of  freedom PUMA robot, and 
the results compared to another calibration of  the same arm 
by a coordinate measuring machine with repeatability and 
accuracy of 0.02 ram. The calibration using the VBA T enhances 
the accuracy of  the PUMA to within 0.2 mm of that produced 
by the CMM calibration, compared to an accuracy of  14 mm 
prior to calibration. 
Keywords: Robotics; Calibration; Vision 
1. Introduction and Literature Survey 
Robot positioning accuracy refers to the robot's ability to 
move to a commanded location in its workspace. Such a 
commanded location would not have been taught o the robot 
but would be specified in terms of the robot world coordinates. 
Accuracy is different from repeatability in the sense that 
repeatability refers to the robot's ability to return to a given 
location once it has been taught. For a six-degree-of-freedom 
manipulator, a location (or pose) consists of the specification 
of a position and an orientation. The robot resolution 
determines the smallest pose change that the robot can affect 
at the end-effector. Resolution will be a lower bound on the 
robot accuracy. Both accuracy and repeatability are measures 
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of robot system pose performance. Industrial robots at present 
show satisfactory repeatability but poor accuracy. 
A number of different approaches have been used for the 
measurement s ep during robot calibration. The robot link 
positions may be measured uring observations, or the robot 
tool pose may be measured. Most calibration models in the 
literature attempt to relate the perturbations in the robot 
kinematic parameters to the differential change in the robot 
tool pose. A complete measurement of the tool pose would 
consist of three position coordinates, and three orientation 
angles. Mooring and Padavala [1] have used a coordinate 
measuring machine with a touch probe and a specially designed 
end-effector to calibrate a PUMA robot by measuring complete 
tool pose at each observation. This measurement method 
yields the maximum information per observation pose. The 
results of the calibration are shown to reduce the positioning 
error to approximately 0.5 mm while the orientation accuracy 
is improved to 0.0028 radians. 
Incomplete measurements of the tool pose (that is less than 
six measured values per observation) can also be used to 
identify the robot parameters o long as the resulting 
identification Jacobian is of maximum rank. Tool position 
(three values per observation) may be measured by many 
different methods. Lau et al. [2] have used laser tracking 
interferometry to conduct experiments in robot metrology. 
The system consists of a laser interferometer with a steerable 
beam. The beam tracks the target mounted on the robot end- 
effector and the target is located as in a spherical coordinate 
system. Judd and Knasinski [3] have used two theodolite 
triangulation to calibrate an Automatix AID 900 robot. The 
method used a specially designed end-effector. Chen and 
Chao [4] have used three theodolite triangulation to calibrate 
a PUMA 760 robot. The robot end-effector was a target point 
to be located using triangulation. Jarvis [5] proposed to use 
two theodolites to locate a single point target to be mounted 
on the robot to be calibrated. The theodolites themselves and 
the baseline transformation between them are to be calibrated 
by taking observations of the target moving at precise 
displacements along a straight line in the measurement space. 
The position of the robot tool may be computed by measuring 
three distances to the target rather than the angles returned 
by theodolites. Stone et al. [6] have used such a distance 
triangulation approach in their calibration method. Distances 
are computed using time of flight from an acoustic emitter at 
the robot end-effector to microphones located at 'a  number 
of measurement points. 
Different types of calibrated fixtures can also be used to 
measure position information during a robot calibration. 
Foulloy and Kelley [8] have used a reference cube with 
precisely located holes and a special calibration tool that is 
inserted in the holes. Veitschegger and Wu [9] have calibrated 
a PUMA 560 robot using a fixture plate with a set of precisely 
positioned holes and an end-effector with a pointing device. 
Hsu and Everett [10] have invented a position sensor that 
uses non-contact LED beam trip switches to locate a spherical 
tooling ball to an accuracy of 0.0005 in. The fixture in the 
robot work cell consists of a plate with three posts and three 
tooling balls. The calibration experiment for an IBM 7565 
robot improved the accuracy from 0.12 in to 0.04 in. 
A partial tool measurement could also consist of two values 
per observation (tool point azimuth and elevation). Whitney 
et al. [11] used a single theodolite to sight a 0.3 mm diameter 
sphere attached to a PUMA 560 robot end-effector. The 
calibrated robot model predicted new theodolite measurements 
with an r.m.s, error of 0.13 ram. This approach results in 
less information per measurement as compared to the two 
theodolite methods, but the need for simultaneous dual 
sightings and the determination f a base length transformation 
between the theodolites is eliminated. 
2. Objective and Concept 
The concept of the Vision Based Automatic Theodolite 
(VBAT) is to achieve an "automatic theodolite" using a 
computer-controlled system consisting of a digital camera 
mounted on servo stages rotating in the azimuth (horizontal) 
and elevation (vertical) planes. This arrangement is mechan- 
ically similar to a conventional theodolite system but the 
VBAT uses a digital camera and vision system in place of 
the usual theodolite telescope. The camera is mounted on a 
goniometric radle (a vertical rotation stage) which is itself 
mounted on a horizontal rotation stage. Both stages are 
driven by stepping motors through gear reductions. The 
stepping motors are servoed under computer control so as to 
point the camera along the desired azimuth and elevation. 
The target is a precision plastic sphere of one inch diameter 
illuminated from the inside by a low voltage incandescent 
bulb. A schematic diagram of the overall system is shown in 
Fig. 1. The lens system for the camera is chosen such that 
the target can be imaged with good magnification at the 
minimum range, since a fixed focal length lens system would 
have the problem of loss of magnification at the maximum 
range. The performance of the vision system will depend on 
being able to view the target such that it forms a circular 
image of large radius. A variable focal length lens system 
(zoom lens) may be used to advantage so as to maintain a 
large target image at all distances between the minimum and 
maximum ranges without affecting the focus. The target centre 
is located as the centroid of the image. The illuminated sphere 
brightness is high and the image of the spherical target is 
distinguished from the background by setting the adjustment 
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Fig. 1. VBAT system configuration. 
of the lens aperture and selecting an appropriate value for 
the vision system binary threshold. 
During tracking, the camera would follow the target under 
computer control. The control computer is in communication 
with the vision system and thus implements a closed loop as 
the target moves in the robot workspace. When the target 
comes to a halt in a new position, the control computer will 
attempt o servo the camera so that the target image centroid 
is placed exactly in the centre of the camera screen. Thus the 
digital image from the camera may be imagined to contain 
cross-hairs. The resolution of the rotation stages will determine 
how close the target image centroid is to the intersection of 
the cross-hairs. Once the computer has servoed the camera 
to this closest position, the next level of angular measurement 
may be achieved by relating the target centroid offset to the 
angular deviation of the camera-lens axis from the direction 
to the target. Fig. 2 shows a typical target acquisition phase 
illustrating the cross-hairs representing the optical axis and 
the centroid of the spherical target. The corners of the square 
shown in the figure indicates the next closest placement of 
the cross-hairs by the stepper driven rotation stages. 




Fig. 2. Target acquisition phase. 
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Fig. 3. VBAT system assembly. 
3. Development of the VBAT Prototype 
The lens system has adjustments for zoom and focus, and 
both of these are under computer control. The horizontal 
rotation stage has an accuracy and resolution of 0.01 ~ The 
goniometric cradle (vertical rotation) has an accuracy of 0.05 ~ 
and a resolution of 0.01 ~ Both stages can move at a maximum 
saturation speed of 20 ~ per second corresponding to a stepping 
speed of 2000 steps per second. The start/stop (reversing) 
speed is 4 ~ per second. Each rotation stage is fitted with an 
incremental encoder and an origin signal. 
Fig. 3 shows the system assembly. The horizontal rotation 
stage is mounted on a steel base, raising the camera to provide 
a better range of view for the vertical rotation. The 14 V 
stepper drivers and the programmable stepper controller are 
placed inside the base. The goniometric radle provides a 
rotation in elevation of about 30 ~ above and below the 
horizontal, while the azimuth stage permits 270 ~ of rotation. 
Full details of the construction and calibration of the VBAT 
may be found elsewhere [15], however, the relevant issues 
are presented here to show how the calibration of an imprecise 
yet repeatable measuring instrument may then be used to 
calibrate a manipulator to a relatively high degree of accuracy. 
4. VBAT Prototype Calibration 
4.1 Need for VBAT Calibration 
Unlike a conventional theodolite, the VBAT prototype has 
been fabricated in the laboratory without use of any precision 
tooling. The prototype is then calibrated to identify its exact 
geometric and non-geometric parameters. These identified 
parameters can then be entered into the control computer for 
the VBAT, producing an instrument of high accuracy. Thus, 
the prototype is itself a candidate for the application of the 
machine calibration philosophy that is behind the research in 
robot calibration. The development of the VBAT prototype 
has involved the same issues that are being addressed in the 
context of identification of robot parameters. 
4.2 Formulation for Parameter Identification 
The VBAT system is calibrated using the Coordinate Measur- 
ing Machine (CMM) in the laboratory. The illuminated target 
is mounted on the CMM during the experiments. The Mitutoyo 
Model CX-D2 CMM has a working volume of 400 mm in 
width, 500 mm in length, and 800 mm in height. The CMM 
has a resolution of 0.01 mm and a published accuracy of 
approximately 0.1 mm. The CMM was tested in the laboratory 
and the figure of 0.01 mm for the repeatability was confirmed. 
The accuracy could not be confirmed owing to the unavailability 
of a measuring system at least one order of magnitude better 
than the CMM. For the purposes of the tests described in 
this research, therefore, the CMM is assumed to have an 
accuracy of 0.1 mm, and may be regarded as a measurement 
standard for the purpose of VBAT calibration, and the 
calibration of the PUMA robot described in a later section. 
The parameter identification process for the VBAT is basically 
a problem of fitting a nonlinear egression model, requiring 
the formulation of an error residual which is to be minimised 
during the identification process. 
Unlike a conventional robotic mechanism, the VBAT 
kinematics result in a line-of-sight during an observation. This 
line-of-sight o the illuminated target from the VBAT is 
defined by position vector (to a point on the line-of-sight) 
and a direction vector (along the line-of-sight). The error 
residual required for the identification process must be defined 
in terms of the target coordinates and the line-of-sight 
parameters at a particular observation. 
The choice of the error residual is found to have an 
important effect on the identification process. At first, it was 
attempted to define the error residual in terms of the direction 
cosines of the line-of-sight. However, it was found that with 
this residual, the identification simulations were not successful 
at converging to the correct parameter values. This would 
appear to be a consequence of the fact that the VBAT line- 
of-sight is defined by a position as well as a direction. The 
direction cosines used as a residual contain information only 
about the direction of the line-of-sight, and not its position. 
The error residual selected is defined in terms of the 
perpendicular miss-distance of the VBAT line-of-sight to the 
target coordinates, since this residual is affected by the line- 
of-sight direction as well as position. Similar estimates of 
error residuals using the same concept of miss distance have 
been reported in the literature, although principally concerned 
with direct viewing, conventional theodolites [5, 11, 13]. The 
error residual for the nonlinear identification is defined in 
terms of three components per observation. Let X, Y, and Z 
be the coordinates of the target. Let the line-of-sight from 
the VBAT be defined by the two vectors a and p. The vector 
p defines a point on the line-of-sight (in our case the centre 
of the camera lens) and the vector a is a unit vector in the 
direction of the line-of-sight, as shown in Fig. 4. The 
perpendicular distance from the line-of-sight to the target is 
given by 
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F= ~/(H + H + H)  (1) 
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F~, = a,(Y-p, . )  - ay( Z-p=) (2) 
Fy = a , (Z -p , )  - aAX-p , )  (3) 
Fz = ay(X-px)  - ax(Y-py)  (4) 
Although the choice of error residual results in three 
equations per observation, there are only two degrees of 
freedom in the data, and this must be kept in mind when 
calculating the minimum number of observations correspond- 
ing to a certain number of parameters to be identified. 
4.3 Modelling of the VBAT 
A surveying theodolite is a two degree-of-freedom kinematic 
mechanism [12]. However, the VBAT is a four degree-of- 
freedom kinematic mechanism. This is because the line-of- 
sight during an observation is a function of four independent 
variables: the horizontal rotation 01, the vertical rotation 02, 
and the two pixel offsets from the vision system d,, and dy. 
Given these four variables at an observation, the forward 
kinematic model of the VBAT could be used to compute the 
line-of-sight parameters {a,p}. For the purpose of calibration 
there are two different sets of parameters to be identified. 
The vision system parameters are associated with the "pixel- 
offset" kinematics. The other set of parameters i associated 
with the kinematics of the two rotation stages and their 
position with respect o the world coordinate frame. 
2R Kinematic Model 
The two rotation stages of the VBAT are modelled using the 
standard Denavit-Hartenberg (D-H)  notation and homo- 
geneous matrices. This is similar to considering the two 
rotation stages to form a "2R'" manipulator [5, 13]. The CMM 
coordinate frame is assumed to be the world frame. Since the 
transform from the world frame to the first rotation axis is a 
frame-to-axis transform, there are only four degrees of 
freedom in this transform, hence that transform may be 
modelled using the four parameter D-H  notation. Fig. 5 
shows a more complete VBAT kinematic model while Table 
1 shows the nominal parameter values used in the simulations 
where the lengths are in mm and the angles are in degrees. 
The kinematic transformation from the world frame to 
frame 2 is represented by 
T~ = TO T~ T~ (5) 
The nominal D-H  transformation is a function of the four 
link parameters Oi, di, al, ai as [14] 
Co, -So C,, SoS,, aiCa, 
T~_t = So, Ce, C~ i -C0,S,, alSo i (6) 
0 S,, C~, di 
0 0 0 1 
where So, is sin 0~, Co s is cos 0,, S,, is sin a~, and C~, is cos a~. 
Rotation Stages Error Model 
The rotation stages are driven by stepping motors with an 
angular resolution of 0.01 ~ corresponding to the single-step 
motion of the motors. However, the manufacturer specifies 
that the stages are accurate to 0.01 ~ and 0.05 ~ respectively. 
This accuracy corresponds to the harmonic transmission error 
in going from the stepping motor to the output of the rotation 
stage [7]. 
Since it is intended to identify the zero position encoder- 
offset for each rotation stage, that is parameters ~O~ and ~02, 
the rotation stage error will be zero at the zero position, and 
the maximum amplitude of the rotation stage error will be at 
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Fig. 5. VBAT kinematic model. 
Table I. Parameters used in the VBAT simulations. 
Link i B0, d, a, et, 13, 
deg mm mm deg deg 
0 180 250 -900 90 0 
l 180 275 0 -90 0 
2 -90 0 50 90 0 
A t A, ~0s ds Rx~ Ryv 
deg deg deg mm deg/pix deg/pix 
0.005 -0.025 -5.0 50 0.0055 0.0045 
180 ~ from the zero position for each stage. The true joint 
rotation for the stages is modelled as follows 
0i = 501 + 0.01vii + Ai[cos(0.0Dqi) - 1.0] (7) 
where "ql is the encoder step count for stage i. 
This computation for the true joint angle is necessary before 
01 is used to compute the Ti-i transformation. Note that since 
the parameters At and A2 relate only to the non-geometric 
errors in the rotation stages, they will not appear in the 
kinematics of the mechanism and are therefore absent from 
Fig. 5. 
Vision System Pixel-Offset Model 
The rotation stages are servoed to centre the target up to 
within 0.01 ~ for each stage. The small rotation to the target 
after this centring is to be computed from the centroid pixel- 
offset data returned by the vision system. Since this rotation 
will always be very small (-<0.01 ~ and since the target 
centroid will be almost at the centre of the vision lens system, 
one may use a linear model for the relation between pixel- 
offset and the additional rotations. The transform from frame 
2 to frame 3 is a modified D-H transform with an additional 
rotation 13s about the Y3 axis after the as rotation about the 
3s 3 ax is .  
Thus the two centroid pixel-offsets, dx and d r, returned by 
the vision system at a given observation are related to the 
"link 3" rotations, ot 3 and [33, by 
or3 = -Ryydy133 = Rxxdx (8) 
where R= and Ryy are the vision system rotation parameters 
to be identified. Again it is noted that the parameters R~, 
and Ryy do not appear in Fig. 5 but these parameters relate 
c(3, [33, dy and dx which do. The units of R= and Ryy are 
degrees/pixel. The position of the "focal point" (origin of 
frame 3) is located by the parameter d 3, and the rotation of 
frame 3 with respect o the image array coordinate frame, X, 
Y, is determined by the parameter 803. This parameter allows 
for the rotation of the image array (chip) relative to the two 
rotational stages. Since the camera is simply fixed to the 
top plate of the goniometric stage, allowance (and hence 
calibration) of the orientation of the camera has to be 
considered. The final image array frame (X, Y, Z) therefore 
is rotated 803 about z2, a parameter which is subsequently 
identified. The transformation from world frame to the VBAT 
last frame 3 is now computed as 
- (9 )  
T~ = T~ T~ 
where the additional transform from frame 2 to frame 3 is a 
function of 03, d3, a3, and [33. ct3 is defined to be constant 
and equal to zero. These four parameters are the vision 
system parameters mentioned before. The "pixel-offset" 
kinematic model is thus implemented by introducing an 
additional imaginary "link 3" beyond the nominal theodolite 
kinematics. The line-of-sight parameters {a,p} are extracted 
from the T 3 transformation as 
. [T~ (1'3) ] 
a = IT 3 (2,3) (10) 
LT3w (3,3) 
.IT 3 (1,4) ] 
p = |T3w (2,4) (11) 
LT 3 (3,4) 
It is convenient to use the modified D-H transform since 
the same model is already being used for the rest of the 
kinematic modelling. The modified D-H transformation is a 
function of the five link parameters 0~, d~, a ,  o/.i, 13i as  
[ Co, C., - So S.,S~, -SoC,, So,SoCo, + Co Sa, a, Co, q I So C~ + CoS. , CoC., -Co,S.~C~, + So,S~, a~So, I 
T~-t= ' '-C,,S' a S. C. Ca d, J L i , i i 
0 0 0 1 
where Soi is sin 0i, Co, is cos 0i, S~, 
Sa, is sin 13~ and Co~ is cos 13~. 
(12) 
is sin cxi, C~, is cos ~i, 
4.4 VBAT Identified Parameters 
Although the simulation of the calibration of the VBAT 
indicated that all kinematic parameters could be identified, 
the actual calibration was performed with the VBAT in a 
different position to that shown in Table 1 (line 0). Since it 
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Table 2. Nominal parameters u ed in VBAT identification. 
Link i 80i d~ a~ a~ 13~ 
deg mm mm deg deg 
0 0 - 1350 20 90 0 
1 -90 -175 0 90 0 
2 -90 0 30 90 0 
A, A 2 803 d 3 R~ Rye. 
deg deg deg mm deg/pix deg/pix 
0.0 0.0 0 330 0.01 0.01 
will be expected that convergence of solution is independent 
of the location of the VBAT when calibration is performed, 
the simulation was not repeated for the new location of the 
device. Table 2 shows the nominal parameters for the VBAT 
located in its new position prior to calibration, while Table 3 
shows the resulting identified parameters. The table shows 
that the prototype has an offset of 4 mm between the two 
rotation stage axes. The largest angular parameter variation 
is 0.4 ~ for ~02. The rotation stage error parameters are found 
to have a negligible ffect on the performance and are set to 
zero. As previously mentioned, the details of the calibration 
of the VBAT are discussed in [15]. 
5. Application to Robot Calibration 
5.1 Formulation of PUMA Calibration 
Line of Sight to Robot Tool 
The VBAT is to be used to calibrate the six axis PUMA 560 
robot in the laboratory. This robot has been calibrated using 
a system consisting of the Mitutoyo Model CX-D2 coordinate 
measuring machine (CMM), an IBM personal computer, and 
several fixtures [1]. The calibration method with the CMM 
measured the robot tool position and orientation by locating 
3 tooling balls on the robot end-effector. The VBAT is not 
intended to measure position or orientation directly. The 
robot tool in the experiment consists of a fixture with an 
illuminated spherical target fixed to it. The VBAT will locate 
the line-of-sight o this target at each observation. Fig. 4 
shows the coordinate frames for the VBAT and the PUMA. 
Table 3. Identified parameters of VBAT. 
Link i ~0~ d~ a, a, [~ 
deg mm mm deg deg 
0 0.145 - 1379.39 16 .50  90.306 0 
1 -90.854 - 173.24 4.24 89.974 0 
2 -89.615 1.25 36.94 89.877 0 
A t A2 803 d 3 R~ Ryy 
deg deg deg mm deg/pix deg/pix 
0.0 0.0 0.83 337 0.01 0.01 
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The world frame is the same as that identified during the 
VBAT calibration of the last section. It is thus a coordinate 
frame of the CMM with its location defined by the "zero" 
position of the VBAT calibration experiment. The results of 
the PUMA calibration will be expressed in this frame and 
these parameter values may be related to the values of the 
other PUMA calibration that used the same CMM. The 
VBAT has coordinate frames 0, I, 2 and 3 in accordance 
with the kinematic model of the last section. The PUMA has 
coordinate frames 0, 1, 2, 3, 4, 5 and 6 in accordance with 
its 6 degrees of freedom. The transformation from world 
frame to VBAT frame 0 is T ~ The transformation from 
world frame to PUMA frame 0 is represented as ~ to 
differentiate it from the VBAT transformation. The line of 
sight- is defined by the vector pair {a3, 1)3} where 
T 3 = [n303a3P3] is the VBAT transform from world frame to 
frame 3. This defines the line of sight of the VBAT in terms 
of the world frame coordinates. The location of the tool on 
the PUMA end-effector is defined by the vector 1~6 in 
transform ~,6 for the PUMA. 
For an observation, the six joint values for the PUMA 
determine the location of the target. The VBAT tracks the 
robot target and does the focusing and centring. At this point 
the line of sight from the VBAT points directly at the PUMA 
tool. The VBAT rotation stage encoder counts and vision 
system pixel offsets define the line of sight at the observation. 
Minimisation of Miss-Distance 
The PUMA kinematics have been modelled using modified 
Denavit-Hartenberg parameters. There are 30 parameters to
describe the robot completely. The nonlinear method was 
used to identify the PUMA model parameters. This technique 
requires the formulation of an error residual to be minimised 
during the identification. With a surveying theodolite as in 
[11], the error may be specified as the difference in measured 
and expected azimuth and elevation angles. This calculation 
would be possible because the expected angles corresponding 
to a certain robot tool location follow directly from the 
spherical coordinate system geometry when using a theodolite. 
In the case of the VBAT, the line of sight to the target 
has 4 degrees of freedom: position p and orientation a. This 
may be seen by recognising that the coordinate frame specified 
by p and a is completely analogous to that specified by the 
Denavit-Hartenberg t ansformation, one which also has four 
degrees of freedom. The additional degrees of freedom are 
eliminated by the constraints: 
1. The origin must lie on the intersection of the common 
normal and the optical axis 
2. The x axis points in the direction of the common normal. 
The conventional theodolite has only two degrees of freedom 
and the line of sight always passes through the same point. 
To specify the "merit function" in terms of azimuth and 
elevation errors, one needs the facility to compute the inverse 
solution for the VBAT kinematic model. This is a non-trivial 
problem. 
It was chosen instead to use the miss-distance of the line 
of sight from the robot tool as the merit function to be 
minimised. This approach has been demonstrated to work 
during the VBAT calibration. The same measure defined by 
equations (1) was used to identify the PUMA parameters 
while assuming the VBAT parameters to be known and 
constant. 
5.2 Calibration Model for PUMA Robot 
Modified D-H Parameters 
Table 4 shows the kinematic parameters for the PUMA robot. 
Since the PUMA axes 2 and 3 are nominally parallel, the 
modified Denavit-Hartenberg parameters were used to model 
the transformation from frame 1 to frame 2. The parameters 
in bold face are constant in the model and are not to be 
identified. The modified D-H transform is given by equation 
(10). The parameter 132 is nominally 0 before identification. 
That is the only 13 parameter to be identified. Parameter a2 
and the other 13 parameters are constant and set to 0. 
Inclusion of World Frame and Tool Frame 
The transform T~ goes from the world frame to the PUMA 
frame 0. Since this is a frame to axis transformation, and 4 
parameter D-H  model is adequate to describe it. It should 
be noted that this method does not place the 0 frame where 
the PUMA manual describes it to be: at the intersections of
axes 1 and 2 in the robot. The frame 0 is located on axis 1 
at the horizontal level of the CMM world frame. The distance 
up to axis 2 is accounted for in parameter d~. 
The transform from frame 6 to the tool is T 6. Since this is 
a frame to frame transformation, there are 6 degrees of 
freedom in this transform. This follows from the fact that the 
tool frame position and orientation is completely arbitrary in 
the coordinates of frame 5. It is possible to model this last 
transform using 4 parameter D-H notation by assuming 
symmetry and alignment in the placement of the tool frame. 
This would be convenient for nominal kinematic modelling 
but is misleading in the context of calibration. 
The tool transform was modelled as a series of 3 rotations 
followed by 3 translations. The rotations are a roll, pitch and 
yaw set. Starting with frame 5, there is a rotation dp6 about 
the z axis, a rotation 06 about the resulting y axis, and a 
rotation 06 about the resulting x axis. The three translations 
Table 4. Nominal parameters for the PUMA robot. 
Link i 80, dr a, a, 13i 
deg mm mm deg deg 
0 0 791 -369 -90 0 
1 0 344 0 -90 0 
2 0 0 432.784 0 0 
3 0 149.09 -20.33 90 0 
4 0 433.0 0 -90 0 
5 o o o 90 o 
deg deg deg mm mm mm 
-90 0 0 100 0 165 
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that follow are u6, v 6 and w6 along the x, y and z axes, 
respectively. 
Need for Length Standard 
The identification of a length standard is a prerequisite for 
using the VBAT to identify the PUMA. This is because a 
theodolite used to measure a robot cannot differentiate 
between a "small" robot at a short range and a "large" robot 
at a greater ange. The VBAT may be used to determine a
length standard as follows. A 30 in long, 1 in cross-section 
aluminium bar was machined to attach two illuminated 
spherical targets at the ends of the bar. The distance between 
the targets L8 is measured using the CMM in the laboratory. 
During the experiment, he robot is placed in its zero position 
(link 1 horizontal, link 2 vertical up). The bar is placed on 
link 1 of the PUMA robot and fixed in place using pipe 
clamps. A set of observations are taken while moving joint 1 
of the robot. At each observation, the VBAT is used to 
locate each of the two targets on the bar. 
The data from the experiment is used to fit a kinematic 
model for this single degree of freedom "robot" with two 
targets. The parameters from the world frame to frame 0 on 
axis 1 of the robot will be 0o, do, a0, %. These are the same 
parameters that are to be identified during the six degree of 
freedom calibration. In addition, the parameters in going 
from frame 0 to the target 1 frame would be 80], d~, a[, a[. 
Of these parameters, et~ cannot be identified since the target 
is a single point without orientation. The joint variable for 
axis 1 motion would be 0t. Similarly, there would be three 
parameters in going from frame 0 to the target 2 frame as 
802, ~,  a 2. The total number of parameters to be identified 
is 4 + 3 + 3 = 10. The constraint during the identification 
is that the distance between the two targets is always constant 
and equal to Ls. This constraint may be introduced into the 
nonlinear regression technique by defining an additional F 
function corresponding to the distance between the identified 
targets at each observation. The usual line of sight miss- 
distance for the two targets would result in six F functions 
during the identification. 
The parameters do, and an identified during this procedure 
are the length standards to be used in the six degree of 
freedom calibration of the PUMA. One or both of these 
parameters would be set constant equal to the identified value 
during the PUMA calibration. This will allow the identification 
of the remaining distance parameters in the PUMA model in 
units of the length standard parameter(s). The length standard 
experiment has been planned for. It is to be implemented 
during a later phase of the VBAT applications. At present, 
the following simulation and identification has been done by 
setting the parameter a2 to a constant value. This constant is 
the length of link 2 identified in the earlier PUMA calibration 
using the CMM and tooling ball end-effector. 
5.3 Identification of PUMA parameters 
Number of Identifiable Parameters 
The PUMA robot has 30 parameters in a kinematic model. 
The first 4 parameters locate robot axis 1 in the world frame, 
and the last 6 parameters locate the tool system in frame 5. 
Of these, 3 parameters locate the posit ion of the tool and 3 
parameters constrain the orientation of the tool frame. For 
this experiment, the target is a sphere whose centre is the 
location of the tool frame. Since there is no orientation to 
such a target, one may identify 27 out of the 30 PUMA 
parameters. The choice of the 3 position parameters out of 
the last 6 is arbitrary. It would be possible to use the three 
displacement parameters u6, Vd, w6 to locate the target. The 
parameters d~6, u6 and w6 are used. These three parameters 
locate the tool as in a cylindrical polar coordinate system. 
The advantage of this choice is that (I)6 will include the effect 
of 806 the encoder offset for joint 6 of the PUMA robot. 
This gives physical meaning to the absence of the parameter 
806 in the model. 
Formulation of Parameter Identification 
The nonlinear model for robot calibration is 
z i = f(Ti), Tj = Tj(qj,k) (13) 
where zj is the end-effector position (in world coordinates) 
for the jth observation, and Tj is the end-effector pose. The 
function f in that case extracts the last column of a 
homogeneous transformation T~,. This corresponds to the 
position coordinates of frame b relative to frame a. The 
residual for the jth observation is calculated as 
ej = z,,,j - f(Tej ) (14) 
where z,, is the measured (observed) end-effector position. 
Tp is the predicted end-effector pose calculated using the 
manipulator forward solution, the parameter vector k, and 
the vector of joint variables q# 
In this case, the error residual vector during an observation 
is the PUMA target miss-distance from the VBAT line of 
sight. 
ej = F~ = [F,,FyF~] T (15) 
where the F is from equation (1). X, Y and Z are the PUMA 
target coordinates. Thus 
X= T6 (1,4) (16) 
Y = t 6 (2,4) (17) 
Z = ,~6 (3,4) (18) 
The PUMA forward kinematic transformation is 
"~ = T~ i"~ t2 T3 ~3 T~ T~s (19) 
The vectors a and p are computed from the VBAT forward 
solution as 
.FT 3 (1,3) 1 
a = [T~ (2,3) 
LT~ (3,3) 
where 
t 2 3 T 3 = T ~ To T1 T2 
FT~ (1,4) ] 
P =/T3(2 ,4 )  / 
LT 3 (3,4) _l 
(20) 
(21) 
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The solution proceeds by improving the PUMA parameter 
guess until the miss-distance of the target from the line-of- 
sight is minimised to near zero. There are 26 PUMA 
parameters to be identified. Each observation has three 
equations but two degrees of freedom. One needs at least 13 
observations to identify the PUMA parameters. In practice, 
we have taken more observations to minimise the effect of 
measurement oise. 
5.4 Simulation of PUMA Calibration 
Performance Measure for Robot Identification 
The identified robot parameters are evaluated for a measure 
of the "success" of the calibration procedure by defining a 
performance measure as follows. The root-mean-square error 
in the parameters ~,~ can be a misleading performance 
measure. The verification program generates 16 uniform 
observations of encoder data, pixel-offset data and radius 
data using the same range as the identification. The true 
robot joint angles at the observation are computed from the 
exact parameters. The program generates the random noise 
to be added to the data. The VBAT exact parameters 
(k,o,,~,) and the PUMA identified parameters (kp,~o,) are read 
from their data files. The program computes the PUMA 
target coordinates from the joint angles and the robot identified 
parameters. The line-of-sight parameters are computed from 
the VBAT data and exact parameters. These two are compared 
to calculate the miss-distance of the line-of-sight from the 
target. At the radius for that observation, the miss-distance 
is converted to an angular error. The performance measures 
are the root-mean-square of the miss-distance (AFtra,) and 
the root-mean-square of the angular error (AOr~,). Better 
identification of robot parameters implies smaller values for 
these two measures. 
Simulation Results 
The VBAT joint range R for the simulations was -4  ~ to +24 ~ 
for 0~, and -6  ~ to +18 ~ for 02. The radius R t from VBAT to 
PUMA was varied from 1500 mm to 1600 mm. The vision 
system pixel offsets during the simulations were generated by 
random variation in the range of 0 to 1.2 pixels. This 
corresponds to the maximum pixel offset for a single step of 
the rotation stages at the minimum zoom condition. 
Table 5 shows the results of the simulations. The number 
of parameters being identified for the robot is n=26. The 
noise during the measurement is uniformly distributed random 
with zero mean. The magnitude of the robot encoder noise 
(PUMA), rotation stages encoder noise (VBAT), and pixel 
data noise (Vision System) are er, 9 and % respectively. 
The noise magnitudes were: 9 = 0-01 ~ ~c = 0- 005o and 9 
= 0.05 pixel. The variables 9 and ~: in the table refer to the 
multiplier for the noise magnitude during the identification 
observations and the verification observations respectively. A 
"0" in either of those columns means that there was no noise 
for those observations. A "1" means that the noise magnitudes 
were those given above. A "0.5" means that the noise 
magnitudes were half of those given above. The number of 
identification observations i  m. The number of verification 
observations was always 16. The CPU time for running the 
identification on a VAX 8650 is tcpu in min:s. For 32 
observations in the absence of any noise, the identification 
took 27 s of CPU time and converged to the perfect set of 
parameters. The condition number for the identification 
Jacobian is 7 x 105 . In the presence of noise during the 
identification observations, the r.m.s, error in the identified 
parameters was about 0.1 ~ and 0.27 mm. The corresponding 
r.m.s, miss-distance for the verification is about 0.3 mm. As 
the number of observations is increased through 64, 144 and 
256, the r.m.s, error in identified parameters educes teadily 
to about 0.01 ~ and 0.04 ram. The corresponding r.m.s, miss- 
distance (in the absence of noise during the verification 
observations) reduces by an order of magnitude to about 
0.02 mm. 
The second row in each pair of rows shows the r.m.s, miss- 
distance in the presence of noise during the verification 
observations. As mentioned along with the results of the 
VBAT verification experiment, this quantity has an important 
effect on the results of the verification calculations. Even 
with perfect parameters (corresponding to no noise in the 
identification observations), the r.m.s, miss-distance during 
verification is still 0.124 mm (m = 32, first row pair). With 
64 observations, the r.m.s, miss-distance is 0.135 mm. These 
two performance measures are in the same range. As the 
number of identification observations is increased to 256, the 
measure gets down to 0.127 mm. The effect of the magnitude 
of the measurement oise is substantial: if the noise is halved, 
the r.m.s, miss-distance omes down to 0.057 mm (m = 64, 
second row pair). 
The simulations have shown that the 26 robot parameters 
can, in fact, be identified using the VBAT and a nonlinear 
least squares algorithm. The success of the identifications i  
measured in terms of an r.m.s, miss-distance. This measure 
is seen to be less than 0.2 mm for the assumed noise 
magnitudes. Increasing the number of observations beyond 
64 results in marginal improvement of the performance 
measure for the identification. 
5.5 PUMA Calibration Experiment and Results 
Description of the Experiment 
Fig. 6 shows the PUMA end-effector for the calibration 
experiment. The offset of the target from the centre of the 
robot wrist is for the reasons discussed in the last section. 
The experiment was done with the illuminated target mounted 
on the PUMA and the data was recorded for the VBAT 
rotation stage encoder counts, and target image centroid 
offset at each observation. The PUMA robot in the laboratory 
has been interfaced to a PC. The robot joint angles at each 
observation were recorded on this PC. The VBAT zoom setting 
was always constant and minimum during the experiment. 
The experiment consisted of taking 100 observations of the 
target on the PUMA using the tracking, auto-focus, and 
centring on the VBAT. The observations were taken in 5 sets 
Tab le  5. Simulation results for PUMA identification. 
Variables Results 
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m 9 ~. tcpu ni,c, n~v,i 0,a,13 d,a K(J) AFt ,  AO~, 
32 0 0 27 7 8 0.000 
0 1 
1 0 40 10 27 0.102 
1 1 
64 1 0 1:41 14 29 0.039 
1 I 
0.5 0 1:16 10 24 0.028 
0.5 0.5 
144 1 0 1:52 7 13 0.015 
1 1 
256 1 0 2:58 6 12 0.012 
l 1 
0.00 7.0 x 105 0.000 0.0000 
0.124 0.0038 
0.27 7.0 x 10 ~ 0.277 0.0083 
0.281 0.0084 
0.10 2.8 x 105 0.041 0.0012 
0.135 0.0041 
0.07 2.8 x 105 0.033 0.0010 
0.057 0.0017 
0.05 1.4 x 105 0.024 0.0007 
0.127 0.0039 
0.04 6.7 x 104 0.017 0.0005 
0.127 0.0039 
/ 
Flange Io Robot Wnst [4 100 mm v,~l 
Fig. 6. PUMA end-effector for the calibration experiment. 
of 20 observations each. Each of the first 4 sets consisted of 
observations taken in one type of the robot configuration. 
The PUMA robot controller allows 8 possible configurations 
by selecting 3 out of 6 configuration switches: ABOVE,  
BELOW,  LEFTY,  R IGHTY,  FLIP, and NOFL IP  (A,  B, L, 
R, F and N). The first set of observations was with A,  R 
and F. The second set was with A,  L and F. The third set 
was with B, R and N. The fourth set was with B, L and N. 
The fifth set of 20 observations had 5 observations each of 
the above four configurations. The observation poses were 
selected to span the max imum possible range of each of the 
robot joints while at the same time always pointing the robot 
tool in the direction of the VBAT system. It was convenient 
to define a constant reference observation pose using the 
HERE pose command.  This orientation of this pose was such 
that it pointed the target in the general direction of the 
VBAT.  It was then possible to step through the observations 
by using the DO SHIFTpose  and DO MOVE pose commands  
at each location. At  each observation, the robot tool was 
rotated by small angles of 5~ ~ using the teach pendant 
controls. This was important o facilitate the identification of 
the tool frame parameters on the robot. 
An independent set of 20 observations was taken to verify 
the performance of the calibration. These observations were 
in all four configurations and were spaced over the full 
working volume of the PUMA for the calibration. 
PUMA Identified Parameters 
The guess parameters used for the PUMA identification were 
the same as the nominal kinematic parameters of Table 4. 
The lengths are in mm and the angles are in degrees. These 
guess parameters account for the position of the PUMA with 
respect to the VBAT during the experiment.  The tool 
parameters are based on the measurement  of the end-effector. 
The identification routines from the simulations could be used 
almost without modification. The number  of parameters being 
identified was n = 26. The number  of observations was m = 
100. The identification procedure ran for 1 min: 48 s of CPU 
time on a VAX 8650. The number  of iterations and function 
evaluations were n~,~, = 10, n~vaj = 23. The condition number  
was calculated to be K(J) = 6.3 x 106. These results are in 
excellent agreement with the prediction of the simulations, 
suggesting that the observation strategy during the exper iment 
was satisfactory. 
In fact, at first the mistake made was to do the PUMA 
calibration experiment without using the teach pendant to 
rotate the tool at each observation. The identification pro- 
cedure run on the data of that exper iment showed a condition 
number  of K(J) = 3.6 x 108. The procedure ran for 4 min: 
12 s of CPU time on a VAX 8650. The number  of iterations 
and function evaluations were niter = 34, nevai = 67. The tool 
frame parameters identified were 5qb6 = -92 .5 ,  u6 = 64, and 
w6 = 112. These parameters were obviously incorrect since 
the tool offsets were nominally equal to 100 mm and 165 mm,  
respectively. The order of magnitude of the condition number  
gave the indication that the problem was in the observation 
strategy. 
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Table 6. Identified parameters for PUMA using VBAT robot. 
Link i 60~ dr a, eq 131 
deg mm mm deg deg 
0 0.010 788 .03  -369.77 -90.131 0 
1 1.993 343.66 -0.12 -89.993 0 
2 -0.111 0 432.784 0.128 -0.351 
3 0.795 151.25 -20.90 90.447 0 
4 -0.312 433.28 0.04 -90.148 0 
5 -1.831 -0.44 1.10 90.033 0 
B~6 06 ~6 u6 v6 w6 
deg deg deg mm mm mm 
-97.361 0 0 101.28 0 162.33 
Table 6 shows the identified parameters for the PUMA 
using the VBAT system. The tool parameters are in deviation 
from the guess values by a maximum of about 7 ~ and 3 mm. 
This is to be expected, since these parameters were estimated 
by eye. For the PUMA in the laboratory, the maximum 
deviation in the robot parameters from the nominal is about 
0.8 ~ (for 803) and 2 mm (for d3). These deviations are quite 
large and could possibly result in position inaccuracy of as 
much as a centimetre in the worst case. These parameters 
may be compared to those identified by the CMM measurement 
method. Table 7 shows the identified parameters for the 
PUMA using the CMM. The measurement method was 
identical to [1] but the kinematic model used was the modified 
Denavit-Hartenberg. The tool parameters 546, u6 and w6 are 
missing since the end-effector for the CMM method was 
different from this PUMA tool. 
Six Parameters for the PUMA Base Frame 
The world frame in these experiments is at a location 
determined by the corner of the machined cube on the CMM 
table. The axes of the world frame are aligned with the axes 
of motion of the CMM. The VBAT has been identified by 
using the CMM and so the world frame for the two methods 
are both aligned with the same directions. The origin of the 
world frames for the two methods are offset by a constant 
distance determined by the length of the side of the machined 
cube, the diameter of the CMM touch probe, and the diameter 
of the illuminated target sphere. 
The first axis of the robot is defined in the world frame by 
the first four D-H  parameters 0o, do, ao and ao. However, 
the PUMA base frame (the frame 0 for the robot controller 
Table 7. Identified parameters for PUMA using CMM. 
Link i B0i d, a~ a, 13, 
deg mm mm deg deg 
0 0.088 854 .29  -381.54 -90.120 0 
I 1.963 356.80 0.01 -89.975 0 
2 -0.109 0 432.784 0.057 -0.354 
3 0.709 151.21 -20.30 90.442 0 
4 - 0. 596 433.22 0.13 - 89. 986 0 
5 - 1.434 -0.38 - 1.10 89.956 0 
internal model) is defined to be located at the intersection of 
the axes 1 and 2. The frame 0 is related to the PUMA base 
frame by the displacement d~, and the rotation 80~. Thus the 
base frame is defined in the world frame by six degrees of 
freedom: 00, do, ao, eto, B01 and dl. The parameters do, a0 
and dt determine the location of the PUMA base frame in 
the world frame directions Z, X and Y respectively. The 
parameters 0o, oto and B0~ determine the orientation of the 
PUMA base frame about the world frame directions Z, X 
and Y, respectively. 
The importance of this conclusion is that the parameter B0t 
includes the effect of the PUMA joint 1 encoder offset as 
well as the rotation of the PUMA base frame in the world 
coordinate system Y direction. The parameter 80~ has been 
identified in the experiments as equal to about 2 ~ . This does 
not mean that the PUMA controller model is in error by 2 ~ 
at joint 1. 
The six degree of freedom transform from the world frame 
to the PUMA base frame implies that there are only two 
parameters to be identified in going from the base frame 
(frame 0) to the frame 1 of the robot. The two parameters 
would be the link length a~, and the link twist a~. Thus, the 
number of parameters to be identified in terms of the PUMA 
internal control model are 30-6  = 24. However, the base 
frame inside the robot is not a physically identifiable ntity, 
and it is never possible to measure data in the coordinates of 
this frame. 
The robot parameters identified by the two measurement 
schemes do show a good match. There is a closer comparison 
between the parameters that define the first three positioning 
links of the robot. The parameters that define the three 
orientation links are seen to vary from the parameters 
identified by the CMM. This discrepancy may be a result of 
the fact that the last three links of the robot have a smaller 
effective "radius" to the robot tool and hence produce less 
effect on the position error of the tool. This is a consequence 
of the fact that the VBAT system measures only positioning 
errors of the target. There is no direct measurement of the 
target orientation. On the other hand, the contribution of the 
last 3 link parameters on the positioning accuracy of the robot 
is much less significant than the contribution of the first three 
link parameters. 
Results of Verification Poses 
The identified parameters of the PUMA robot were used to 
calculate the r.m.s, miss-distance to the target for the 
independent set of 20 observations. The verification program 
from the simulations could be used as it was with almost no 
modifications to the code. For the independent verification 
observations and the robot parameters identified in the 
calibration experiment, the verification program calculated 
the performance measures to be AF~m.~ = 0.383 mm, and 
A0,ms = 0.0148 ~ 
This result is about twice the r.m.s, error predicted by the 
simulations. The difference lies in the estimates of the 
measurement oise during the experiment. There is also the 
contribution of unmodelled and non-geometric effects on the 
identification. As seen in the simulations, the measure of 
performance is affected just as much by the noise in the 
verification observations as by the error in the identification 
of the parameters from the "perfect" parameters. The 
calibration of the PUMA is being able to predict he position 
of the robot target to an r.m.s, distance error of about 
0.4 mm. This verification includes 5 observation each from 
the four PUMA positioning configurations. The PUMA robot 
in the laboratory was measured to be inaccurate by about 
14 mm between the LEFTY and RIGHTY configurations, 
and by about 12 mm between the ABOVE and BELOW 
configurations. These measurements were taken using the 
CMM to measure the position of the PUMA tool with the 
robot controller being commanded to move the tool to the 
identical position and orientation from different configurations. 
The large errors were not caused by incorrect initialisation of 
the arm, since this was performed correctly at the beginning 
of the tests. It was noted that although this is a large inaccuracy, 
the PUMA was repeatable, leading to the conclusion that 
such errors were probably caused by encoder offset errors on 
one of the proximal joints. Since this is a geometric error 
and therefore part of the calibration process, correct identifi- 
cation of the joint offsets will improve the resulting accuracy, 
as confirmed in the verification phase. 
To acquire 100 pose measurements took about 3 hours, 
although it should be noted that most of this time was spent 
in moving the PUMA, gathering and storing data. Although 
designed for static calibration, the VBAT easily tracked the 
moving target at speeds of around 10 in/s. If the data 
acquisition, storage and preprocessing were automated, the 
complete calibration could be performed in a few minutes. 
6. Conclusion 
The VBAT is an automatic measuring system for robot 
calibration. It uses simple low-resolution rotation stages and 
resolution enhancement from a vision system to determine 
the line of sight to a spherical illuminated target. 
The VBAT was used to calibrate the PUMA robot in the 
laboratory. The identifications were done using nonlinear 
least squares. The robot parameters were estimated by 
minimising a cost function that described the components of
the perpendicular miss-distance of the target from the VBAT 
line of sight. The condition number for the identification 
observations was computed from a finite difference approxi- 
mate Jacobian. This number was found to be useful in 
determining bad observation strategies during the simulations 
as well as the experiments. The calibrated robot model was 
able to predict he position of the target o an r.m.s, distance 
error of 0.4 mm. This verification included observations from 
all the PUMA positioning configurations. The PUMA robot 
in the laboratory was measured to be inaccurate by as much 
as 14 mm between the LEFTY and RIGHTY configurations. 
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These results uggest that the calibration of the PUMA using 
the VBAT system can reduce the positioning inaccuracy of 
the robot by more than an order of magnitude. 
The VBAT is an example of an inexpensive robot calibration 
measurement system that is made possible by kinematic 
parameter identification and compensation for an inaccurate 
but repeatable prototype. This research demonstrates that 
such a measurement system may be used to calibrate an 
industrial robot to compensate for positioning inaccuracy. 
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